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Abstract. For a smooth projective 3-fold of general type, we 
prove that the relative canonical stability /is (3) < 8. This is in- 
duced by our improved result of KoUar: the m-canonical map of 
X is birational onto its image whenever m > 5fc -I- 6, provided 
Pk{X) > 2. The Q-divisor method is intensively developed to 
prove our results. 

Introduction 

Let X be a smooth projective threefold with big Kx- Many authors 
have studied the pluricanonical systems or the pluricanonical maps of 
X(see pi, IIJ, 0, dH, Uni, im, d, ED], Pni, EOI etc). Suppose 
h^{X,kKx) > 2. J. Kollar([lE], Corollary 4.8) first proved that the 
{Ilk + 5)-canonical map is birational. Then, in P, it has been proved 
that either the (7/c -|- 3)-canonical map or the (7fc-|-5)-canonical map is 
birational. We denote by 0m the m-canonical map of X. Since it's still 
unclear whether the birationality of (pm does imply the birationality 
of (pm+ii we hope to find certain "stable property" of In this 

paper, we modify the Q-divisor method and then present much better 
results than in fT^ and jSJ inj- The Q-divisor method was originally 
developed by Kawamata, Reid, Shokorov and others in connection with 
the minimal model program initiated by Mori. It was also exploited 
much effectively, for various purpose, by many authors such as Ein, 
Kollar, Lazarsfeld, Viehweg and so on. As far as our method can tell 
here, the results follows. 

Theorem 0.1. Let X he a smooth projective 3-fold of general type. 
Suppose the k-th plurigenus Pk{X) > 2. Then the m-canonical map is 
birational onto its image for all m > 5k -\- 6. 

Theorem 0.2. Let X be a smooth projective 3-fold of general type. 
Suppose Pg{X) > 2. Then (pg is birational onto its image. 

The base field is always supposed to be algebraically closed of char- 
acteristic 0. 
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Science Foundation of China (No. 10131010), Shanghai Scientific & Technical Com- 
mission (Grant 01QA14042) and SRF for ROCS, SEM. 
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For readers' convenience, let us recall the definition of the so-called 
relative canonical stability as follows. 

Let X be a nonsingular projective variety of general type of dimen- 
sion n. We define 

ko{X) := min{ k\ Pk{X) > 2}; 

ks{X) := min{ k\ (pm is birational for m > A;}, which is called the 
canonical stability of X; 

fj-siX) := , which is called the relative canonical stability of X. 

Hsiji) := sup{fis{X)\X is a smooth projective n-fold of general type}, 
which is referred to as the n-th relative canonical stability. 

It's well-known that = 3 and /is (2) = 5. A conjecture concern- 
ing fig is that = 2n + l. Theorem l( ) . 1 1 and Theorem l( ) . 21 imply the 
following 

Corollary 0.3. /^^(S) < 8. 

Remark 0.4. /is(n) is very interesting for n > 3. For example, if /is (4) < 
-|-oo, then the following is true: 

there is a constant niQ such that (pmo is birational for all smooth 
projective 3-fold X of general type with Pg{X) > 0. 
In fact, taking the product of X with a curve of genus > 2, one can 
realize the above statement very easily. Unfortunately, few information 
found on /<s(4) yet. 



1. Key lemmas 

Let be a smooth projective surface and D a divisor on S. We would 
like to know when the system \Ks + D\ gives a birational rational map 
onto its image. It is well-known that Reider (|2SI) gave much effective 
results when D is nef and big. Because, in our cases, D may be not 
nef, we hope to find an effective sufficient condition in order to treat 
our situation. 

Suppose M is a divisor on S with h^{S, M) > 2 and |M| is movable. 
Taking necessary blow-ups tt : S' — > S, along the indeterminency of 
the system, such that the movable part of |7r*(M)| is basepoint free, 
we can get a morphism g := o n : S' — > W where W is the image 
of S' in jf dim(iy) = 1, we can take the Stein factorization 

g : S' — ^ B — ^ W , where S is a smooth projective curve and / is a 
fibration. Denote h := g{B). 

Definition 1.1. If 6 = 0, we say that \M\ is composed of a rational 
pencil of curves. Otherwise, \M\ is composed of an irrational pencil of 
curves. 

We can write 7r*(M) ~iin Mq + Zq where Mq is the movable part and 
Zq the fixed one. According to Bertini's theorem, a general member 
C G \Mq\ is a smooth irreducible curve if \Mq\ is not composed of pencil 
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of curves. Otherwise, we can write Mq ~iin X^ilLi where the Cj's are 
fibers of the fibration / for all i. Denote by C a general fiber of / in 
the latter case. Then C is still an irreducible smooth curve. 

Definition 1.2. In the above setting, C is called a generic irreducible 
element of \Mo\. Meanwhile, vr(C) is called a generic irreducible ele- 
ment of \M\. Note that, however, n{C) may be a singular curve. 

Now we can set up the following lemma. 

Lemma 1.3. Let S be a smooth projective surface and D a divisor on 
S . The rational map ^Ks+d is birational onto its image if the following 
conditions hold. 

(i) There is a divisor M on S with h^{S,M) > 2 and \M\ movable 
such that Ks + D > M . If \M\ is composed of an irrational pencil of 
curves, denoting by C its generic irreducible element, D — 2C > ^Aq"' 
holds for certain nef and big Q-divisor Aq on S (with Aq - C > 1 in the 
case k{S) = — oo ). 

(a) D — C > '~A~^ holds for certain nef and big Q-divisor A on S 
with A - C > 2, where C is a generic irreducible element of \M\. 

Proof. It's clear that one may suppose that \M\ is base point free. 
Taking the Stein-factorization of $Af, we can get 

where / has connected fibers. A generic irreducible element of \M\ is 
a smooth projective curve. 

If \M\ is not composed of a pencil of curves, then it's sufficient to 
verify the birationality of ^Ks+d\c by virtue of Tankeev's principle 
([21], Lemma 2). 

If \M\ is composed of a pencil of curves, then / is a fibration onto 
the smooth curve W. In this case, C is a general fiber of /. When 
is a rational curve, \Ks + D\ can distinguish different fibers of / 
since Ks + D > C. When W is irrational, suppose Ci and C2 are two 
general fibers of /. By assumption, we have 

D - Ci - C2 = ^Ao^ + F, 

where F is an effective divisor on S and Aq is a nef and big Q-divisor. 
We consider the system \Ks+D—F\. According to Kawamata-Viehweg 
vanishing theorem, we have the surjective map 

H\S, Ks + D-F)^ H\Ci, Kc, + Gi) © i/°(C2, Kc, + G2). 

By (i), we have h^{Ci, Kc, + Gi) > and h^{C2, Kc, + G2) > 0. Thus 
\Ks -\- D — F\ can distinguish Ci and C2, so can \Ks + D\. Therefore 
it's also sufficient to verify the birationality of ^Ks+d\c- 

By (ii), we can write D—C = ^ A'^+Fi where Fi is an effective divisor 
and A is a nef and big Q-divisor. We consider the system \Ks + D — Fi\. 
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By vanishing theorem, we have the surjective map 

H%S, Ks + D-F,)-^ H%C, Kc + G) 

where G is a divisor on C with deg(G') > 3. Thus $a's+d-Fi|c is an 
embedding, so is $X5+Z)|c- D 

Lemma 1.4. Let S be a smooth projective surface of general type. 
Then Ks + '~A~^ + D is effective if A is a nef and big Q-divisor and if 
h'^{S,D) > 2. 

Proof. We may suppose that l^l is basepoint free. Denote by C a 
generic irreducible element of \D\. Then the vanishing theorem gives 
the exact sequence 

H\S, Ks + ^A-^ + C)-^ H\C, Kc + H)^ 0, 

where H := '~A~^\c is a divisor of positive degree. It is obvious that 
h^{C,Kc + H) > 2 since C is a curve of genus > 2. The proof is 
completed. □ 

Lemma 1.5. Lemma 2.7) Let X be a smooth projective variety of 
dimension > 2. Let D be a divisor on X, h^{X, Ox{D)) > 2 and S be 
a smooth irreducible divisor on X such that S is not a fixed component 
of \D\. Denote by M the movable part of \D\ and by N the movable 
part of \D\s\ on S. Suppose the natural restriction map 

H'{X,Oxm ^ H\S,Os{D\s)) 
is surjective. Then M\s > N and thus 

OsiM\s)) = h\S,OsiN)) = h\S,OsiD\s)). 

2. The case with ko > 2 

Sometimes, for simplicity, we denote kQ{X) and ks{X) by ko and kg 
respectively. 

Proposition 2.1. Let X be a minimal projective 3-fold of general type 
with only Q-factorial terminal singularities. If dim (pkg{X) > 2, then 
Pm{X) > 2 for allm> 2ko. 

Proof. First we take a birational modification tt : X' — ^ X, according 
to Hironaka, such that 

(1) X' is smooth; 

(2) the movable part of \kQKx'\ defines a morphism; 

(3) the fractional part of tt*{Kx) has supports with only normal 
crossings. 

Denote by Sq := Sk^ a generic irreducible element of the movable 
part of \koKx'\- Then 5*0 is a smooth projective surface of general type 



The Q-divisor method 5 

by Bertini's theorem. By the vanishing theorem, we have the exact 
sequence 

H%X\ Kx' + ^{t + h)Tx*{KxV + S-o) 

-^H\S^, Ks, + ^{t + ko)7,*{Kxy\s,) 0, 

where t > is a given integer and 

^{t + ko)n*{Kxns, > V{Kx)kr + Do, 

Dq := 5'ols'o has the property h^{So,Do) > 2 according to the assump- 
tion. 

If t = 0, then 

P2ko+i{X)>h\So,Ks,+Do)>2 

by Lemma 1.2 of [S]. 

If t > 0, we still have the following exact sequence 

H\So, Ks, + ViKx)\so^ + C) ^ H'{Kc + G) 0, 

where C is a generic irreducible element of the movable part of |Do| 
and G := '~t7r*{Kx)\so~^\c is a divisor of positive degree on C. Since C 
is a curve of genus > 2, we have h^{C, Kc + G) >2. Thus we can see 
that P2ko+t+i > 2. The proof is completed. □ 

Corollary 2.2. Let X he a minimal projective 3-fold of general type 
with only Q-factorial terminal singularities. If (pko is birational, then 
kg < 3kQ. 

Proof. This is obvious according to Proposition 2.1. □ 

Theorem 2.3. Let X be a minimal projective 3-fold of general type 
with only Q-factorial terminal singularities. //dim0fcg(X) = 3 and (pko 
is not birational, then kg < "ik^ + 2. 

Proof. Taking the same modification tt : X' — > X as in the proof 
of Proposition 2.1, we still denote by 5*0 the general member of the 
movable part of \kQKx'\- Note that both \kQKx'\ and \'kQ'K*{Kx)'^\ 
have the same movable part. For a given integer t > 0, we have 

Kx' + ^(t + 2k^)'K*{KxV + So < (t + 3A:o + l)Kx'. 

It is sufficient to prove the birationality of the rational map defined by 

\Kx' + ^{t + 2k^)'K*{KxV + S^\. 

Because Kx' + '"(t + 2kQ)T[*{Kx)~^ is effective by the proof of Proposi- 
tion 2.1, we have 

Kx' + ^{t + 2k^)'K*{KxV + So > So. 
Thus we only need to prove the birationality of 

^K^,+^{t+2ko)n''{Kxy+So • 
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We have the following exact sequence by the vanishing theorem 
H\X, Kx' + ^{t + 2ko)n*{Kxr + ^o) 
^i/°(5o, + ^{t + 2ko)7r*{Kxy\so) 0, 
which means 

\Kx' + ^(t + 2ko)7T*{Kxr + So\ \s,- \Kso + ^(t + 2ko)7r*(Kxr\s,\. 
Noting that 

+ ^{t + 2ko)7r*{Kxy\so > Ks, + ^tTr*{Kx)\s,'' + 2Lo, 

where Lq := ^ol^o, we want to show that ^Ksg+''tTT^Kx)\sQ'^+2Lo ^i^^" 
tional. Because \Lq\ gives a generically finite map, we see from Lemma 
1.4 that + ^t-n*{Kx)\sQ~^ + Lq is effective. On the other hand, 
let C be a generic irreducible element of |Lo|, then dim$i(,(C) = 1. 
So Lo • C > 2 and thus {tTi*{Kx)\so + Lq) ■ C > 2. By Lemma 1.3, 
\Kso + ^tT^*{Kx)\sQ^ + 2Lo| gives a birational map. The proof is com- 
pleted. □ 

Theorem 2.4. Let X he a minimal projective 3- fold of general type 
with only Q-factorial terminal singularities. If dim (pk^lX) — 2, then 
ks < 4A;o + 4. 

Proof. First wc take the same modification tt : X' — > X as in the 
proof of Proposition 2.1. We also suppose that 5*0 is the movable part 
of \koKx'\. For a given integer t > 0, we obviously have 

Kx' + ^{t + 2ko + 2)Tr*{Kxy + 2So < {t + Ako + S)Kx'. 

Thus it is sufficient to verify the birationality of the rational map de- 
fined by 

\Kx' + ^{t + 2ko + 2)Tr*{Kxy + 2So\. 
By Proposition 2.1, 

Kx' + ^{t + 2ko + 2)ti\KxV + So 

is effective. Thus we only have to prove the birationality of the restric- 
tion 

for the general Sq. The vanishing theorem gives the exact sequence 

H\X\ Kx' + ^{t + 2ko + 2)n*{Kxr + 25o) 
^H%So, Ks, + ^{t + 2ko + 2)7r*{Kxr +SoU 0. 
This means 



^Kx/+^it+2ko+2)7r*{Kxr+2So \ ^ Kso+^{t+2ko+2)n* {Kxr\sa+So\s,, ■ 

Suppose M2fc(,+2 is the movable part of \{2kQ+2)Kx'\. We have to study 
some property of | M2fco+2|5o |- Note that M2fco+2 is also the movable 
part of 

\^{2ko + 2)7r*{Kxy\. 
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We have Kx' + ^n*{Kxy + 2So < {2ko + 2)Kx'. The vanishing theorem 
gives the exact sequence 

H''{X',Kx'+^7r*{Kxr+2So) ^ H^'iSo, Ks,+^n*iKxy\s,+Lo) — 0, 

where Lq := So\so- Denote by M2i^^_^_2 the movable part of \Kx' + 
^7i*{Kxy+2So\ and by G the movable part of \Kso+^TT*{Kxr\so+Lo\. 
By Lemma 2.3, we have G < M2i^^_^_2\so ^ -^2fco+2|5o- Noting that |Lo| 
is a free pencil, we can suppose C* is a generic irreducible element of 
\Lo\. Now the key step is to show that dim$G(C') = 1. In fact, the 
vanishing theorem gives 

\Ks, + V{Kx)\so'' + Lo\ \c= \Kc + D\, 

where D := ^n*{Kx)\so~' \c ^ divisor of positive degree. Because C 
is a curve of genus > 2, \Kc + D\ gives a finite map. This shows 

dim$Xso+r7r*(Xx)|so^+Lo(C) = 1' 

thus dim $g(C) = 1. Therefore dim <l>M2fc +2lso(^) ~ 1- and so M2fco+2|5o' 
C > 2. Noting that h'^iSo, M2ko+2\so) > h%So,G) > 2, we get from 
Lemma 1.4 that Ks^ + '~tir*{Kx)\so'^ + -^2fco+2|5o is effective. Now 
Lemma 1.3 implies the birationality of the rational map defined by 
\Kso + ^t7r*{Kx)\so^ + M2ko+2\so + Lo\. Because 

1^50 + V{Kx)\so^ + M2ko+2\so + Lo\ 

c\Ks, + ^{t + 2ko + 2)7r*{Kxy\s, + Lo|, 

^Ks^+^{t+2ko+2)7r*iKxr\so+So\so is birational. We have proved the theo- 
rem. □ 

From now on, we suppose that dim (X) = 1. We can take the 
same modification tt : X' — > X as in the proof of Proposition 2.1. 
Let g := (pko o tt be the morphism from X' onto W C P^'^o"^, where W 

is the Zariski closure of the image of X through 0^^. Let g : X' — > 
Q — > W be the Stein-factorization. Then Q is a smooth projective 
curve. Denote b := g{Q), the genus of Q. 

2.5. If 6 > 0, we have already known from [S] that A;^ < 2kQ + 4. 

In the rest of this section, we mainly study the case when Q is the 
rational curve P^. We have a derived fibration / : X' — > P^. Let S be 
a general fiber of the fibration. Then 5" is a smooth projective surface 
of general type. Note that S is also the generic irreducible element 
of the movable part of the system \koKx'\- Let a : S — > Sq be the 
contraction onto the minimal model. 

Theorem 2.6. Let X be a minimal projective 3-fold of general type 
with only Q-factorial terminal singularities. If dim (j)kQ{X) = 1 and 
6 = 0, then kg < S/eq + 6. 
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Proof. For all ? > 0, denote by Mj the movable part of By 
Kollar's method ([IHl or see [Sj, 2.2), we have Mg^o+ils > 4cr*(K5j. 
By the vanishing theorem, one has 

\Kx' + ^{9ko + A)n*{Kxr + S\\s = \Ks + ^{9ko + 4)7T*{Kxys\ 

D \Ks + Mgko+4\s\ 3 \5a*{Kso)\- 

By Lemma 1.5, we see that Miofco+sls > ^(^*i^So)- Repeatedly per- 
forming this process, one has 

MQko+i+m{ko+i)\s > {m + A)a*{Kso) 
for all integer m > 0. This means that we can write 

{5ko + {m + 4){ko + l))n*{Kx)\s ~q {m + A)a*{Ks,) + Ei^\ 

where E^"^ is an effective Q-divisor only relating to m. Thus 



, +{ko + l))n*iKx)\s-^num^*iKs,) + ^-E'^'. (2.6.1) 

m + 4 m + 4 ^ 

We can write 2a*{KsQ) ~im C + Z, where C is the movable part and 
Z the fixed one. According to Xiao(5HTj), \C\ is composed of a pencil 
of curves if and only if Kg^ = 1 and Pg{S) =0. We prove this theorem 
step by step. 

Step 1. tKx' is effective for all t > Sko + 4. 

Denote by a > 2kQ + 3 a positive integer. We have 

|(a + A:o + l)Kx'\ D \Kx' + ^a-K^KxV + S\. 
By the vanishing theorem, one has 

\Kx'+^a7i*{Kxy+S\\s = \Ks+^a7^*{Kxy\s\ ^ \Ks+^ aTi*{Kx)W\. 
Now we consider a sub-system 



\Ks + ^a7:\Kx)\s -Z- -^E^^^A 

m + 4 ^ 



Because 



a'K*{Kx)\s -Z —E^Q~^ - C ~num h'r^\Kx)\s 

m + 4 ^ 

where to := a — — 2ko — 2 > for big m. Thus we have 

\Ks + ^a7r*{Kx)\s -Z '^—eI^^^Ws = \Kc + D\, 

m + 4 ^ 

where D is divisor on C with deg(D) > 0. Therefore Pa+ko+i{^) > 
h%C, Kc + D)>2 since g{C) > 2. 

Step 2. The birationality. 

Denote by /9 > 4/co + 5 a positive integer. Considering the system 
\Kx' + ^p7T*{Kxr + S\, we have 

\Kx' + ^P7r*iKxr + S\\s^ \Ks + ^ P7r*iKx)\s''\. 
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By Step 1, it's sufficient to verify the birationahty of ^Ks+'~0tt*{Kx)\ sa- 
lt's obvious that 

Ks + ^P7r*iKx)\s^ >Ks + ^P7r*iKx)\s -Z- -^E^^^^. 

m + 4 ^ 

Denote by A := ^Pn*{Kx)\s -Z- j^^E^q'^^ - 2a*{Ks,). We have 

A ~num (/3 - 4^0 - 4 - ^^)t:*{Kx)\s- 

m + 4 

So A is also nef and big for big m. Now we have 

\Ks + ^p-K^Kx^ -Z- ^-Eg")^! = \Ks + ^A-' + 2a*{Ks,) + C\. 

m + 4 ^ 

By Lemmas 1.3 and 1.4, one can easily see that the above system 
defines a birational map onto its image. The theorem follows. □ 

3. The case with = 1 

From now on, we only consider the case with Pg{X) > 2. We al- 
ways suppose X is a minimal projective 3-fold of general type with Q- 
factorial terminal singularities. The ffist effective result was obtained 
by Kollar who proved that ^ig is birational. In [Hj, it has been proved 
that 09 is birational. Here we would like to prove the birationahty of 

08- 

By virtue of Theorem 2.3, Theorem 2.4 and (2.5), we only have 
to consider the situation with dim0i(X) = 1 and b = 0. We have a 
derived fibration / : X' — > C . A general fiber is a projective smooth 
surface of general type. We note that Pg{S) > in this case. In order 
to formulate our proof, we classify 5* into the following types: 

(I) Kl = 1, Pg{S) = 2; 

(II) K| = 2,p,(^)=3; 

(III) Kl = 2, pg{S) = 2; 

(IV) Kl = 1, p,{S) = 1; 

(V) Kl > 3; 

(VI) Kl = 2, p,{S) = 1. 

Claim 3.1. If 5* is of type (I), then ^sKx is birational. 

Proof. Denote by C a generic irreducible element of the movable part 
of \Ks\- Then it's well-known that C is a smooth curve of genus 2. 
According to Claim in Proposition 5.3 of [H], we have ^ := tt*{Kx)-C > 
|. For a positive integer t, we have 

\Kx' + V{Kxr + S\\s=\Ks + V{Kxr\s\ D \Ks + V{Kx)\s^. 

Since Pg{X) > 0, taking t = 1 and applying Lemma 1.5, one has 
Ms\s > C- Taking t = 3 and applying Lemma 1.5 once more, one has 
M^ls >2C. This means 

57r*(Kx)U~Q 2C + E^'\ 
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where E^'' is an effective Q-divisor. Thus we have 

Now t7T*{Kx)\s -C~ lEi^^ {t - l)n*{Kx)\s- It is easy to see 

that, for t > 6, {t - l)7r*{Kx)\s ■ C > 2. Lemma 1.3 imphes that 
^Ks+'~6n*{Kx)\s^ is birational and so is ^sKx- ^ 

Claim 3.2. If S is of type (II), then ^7Kx is birational. 

Proof. We still denote by C a generic irreducible element of the movable 
part of \Ks\- It's well-known that |C| defines a generically finite map 
and C is a smooth curve of genus 3. By a parallel argument as in the 
proof of Claim 3.1, we have M2m+i|5 > rnC for any positive integer m. 
This means 

(2m + l)7r*{Kx)\s ~q mC + E^^\ 
where -Eq""* is an effective Q-divisor depending on m. Thus we have 

TT [Kx)\s ~num C H Eq . 

m m ^ 

Therefore 77 := n*{Kx)\s-C > > for all m > 0. So 77 > 1. 

We want to verify the birationality of \Ks + '~t7r*{Kx)\s~^\ for certain 
t. Because 

tr{Kx)\s -C- -Eg") (t - ^!^)^*(i^'^)|5 =: A, 

m ^ m 

Fix a big m, one can see that A ■ C > 2 for t > 5. Thus, by Lemma 
1.3, ^Ks+'~5n*{Kx)\s~' is birational and so is ^jkx- ^ 

Claim 3.3. If 5* is of type (III), then ^tkx is birational. 

Proof. Denote by C a generic irreducible element of the movable part 
of \Ks\. Recall that a : S — > Sq is the contraction onto the minimal 
model. Ci := cr*(C) is the movable part of |A's'o|. It's easy to see that 
Ci has two types: 

(3.3.1) \Kso\ = \Ci\ + Z, where Cf = and Ci is smooth curve of 
genus 2. 

(3.3.2) \Kso\ = \Ci\ , where Ci is a smooth curve of genus 3. 

In either cases, we always have a*{Kso) ■ C = Ksq ■ Ci = 2. By 
Theorem 3.1 of 7J, \mKsQ \ is basepoint free for m > 2. Now KoUar's 
technique gives 7'k*{Kx)\s > 2a*{Kso) and so M7I5 > 2a*{Kso). By a 
parallel argument as in the proof of Claim 3.1, we get 

(2m + 3)7r*{Kx)\s > AWsU > ma*{Ks,) 
for all positive integer m. Thus 

n*{Kx)\s ■ C > -^a*{Ks,) • C > ^"^ 



2m + 3 ' - 2m + 3 
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So n*{Kso) ■ C > 1. Now by the same argument as in the proof of 
Claim 4.2, one can easily obtain the birationality of ^jkx- ^ 

Claim 3.4. If S is of type (IV), then ^sKx is birational. 

Proof. We consider the natural map 

H\X\M2) A2 C H\S,M2\s) C H\S,2Ks). 

where A2 is the image of 02- Since P2{,S) = 3, < dime A2 < 3. 

(3.4.1) dimcA2 = 3. In this case, A2 defines the bicanonical map of 
S. By |2|, 12X501 is t)ase point free. Thus we see that M2\s > 2o-*(K5o). 
We can write 27r*(i^'x)|s' ~ '^(^*{^So) + Eq, where Eq is an effective 
Q-divisor. Denote by C a general member of \2a*{Kso)\- Now we have 
i7r*{Kx)\s -C-Eq ~num 27r*{Kx)\s and 2n*{Kx)\s ■ C > 4. By 
Lemma 1.3, ^Ks+^iTT*iKx)\s~' is birational and so is ^qkx- 

(3.4.2) dimcA2 = 2. Because A2 defines a morphism, the movable 
part of A2 forms a complete linear pencil. The pencil is rational be- 
cause q{S) = 0. Denote by Ci a generic irreducible element of the 
movable part of A2. By Lemma 3.7 below, a*{Kso) ■ Ci > 2. Because 
^2 1 5 > Ci, we can write 27r*{Kx)\s ~num Ci + E'^, where E'^ is an 
effective Q-divisor. Now 57i*{Kx)\s - Ci - E'^ ~num 37r*(Kx)|5 and, 
by (3.6.1), n*{Kx)\s ■ Ci > la*{Kso) ■ Ci > 1. According to Lemma 
1.3, ^Ks+^5tt*(Kx)\s^ is birational and so is ^ykx- 

(3.4.3) dimcA2 = 1. In this case, 12/^x1 is composed of a pencil of 
surfaces. One can see that q{X) = h^iOx) = 0, whence x(C'x) < — 1- 
Applying Reid's R-R formula (|24j). one has P2{X) > 4. We can write 
2n*{Kx) ~num clS + i?', where a > 3 and E' is an effective divisor. 
We hope to prove the birationality of ^sKx- Because Pg{X) > 0, it's 
sufficient to prove the birationality of ^sKx\s- By virtue of KoUar's 
method, one can see that iTKx'IU D \2a*{Kso)\. Therefore we are 
reduced to prove the birationality of {^sKxi \s)\c, where C is a general 
member of \2(y* {Ksq)\. 

By the vanishing theorem, one has \Kx' + '~7it*{Kx) — ^-B'~'||s ^ 
\Ks + ^L^l where L (7 - l)7r*{Kx)\s- (3.5.1) below is still true 

when 5" is of type (IV), i.e. 

2(2m + 3) , pM 

Vr [Kx) ~num C + Ek 

m ^ 
where E^^ is an effective Q-divisor. Thus \Ks + L — E^^~^\\c = 
\Kc + Dl where D := ^L- Ej^^^lc- Because L-C - E^^^ ~num 
(3 — I — ^)7T*{Kx)\s for all m > 0, we see that deg(D) > 2 whenever 
m is large. Thus ^Ks+'~l~'\c is birational and so is ^sKx- ^ 

Claim 3.5. If 5" is of type (V), then ^tkx is birational. 

Proof. By [7 , \mKso\ is basepoint free for all m > 2. Denote by 
C the movable part of 12X5!. Then C ~iin 2a*{Kso). It's sufficient 
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to prove the birationahty of ^7Kx\s- By Kollar's method, |7Kx'||s ^ 
\2a*{KgQ)\ = \C\. We only need to verify the birationahty of ($77^-^, Is) Ic- 
The vanishing theorem gives \Kx'+^7n*{Kxy+S\\s D \Ks+^77v*{Kx)\s^\ 
Applying Lemma 1.5, we get Mq\s > 3a*{Kso)- Repeatedly proceeding 
the above process while replacing "7" by "9, 11, ■ ■ ■", one can obtain 
M2m+3\s > ma*{Kso) and so 

(2m + 3)7r*iKx)\s ~num ma*{Ks,) + E^^\ 
where m is a positive integer. Thus we have 

2(2"^ + 3) ^.(^^)1^ ^^^^ 2a*(K5o) + (3.5.1) 
m m ^ 

It's easy to see that 7i*{Kx)\s ■ C > 3. 
Now taking a very big m, one has 

\Ks + ^57r*{Kx)\s - -^"^llc = \Kc + D\, 

where D := ^5n*{Kx)\s - ^E^Q^^c and deg(D) > (1 - ^)7r*(Kx)U " 
C > 2. Therefore we have proved that {^7k^,\s)\c is birational. So 
^7Kx is birational. □ 

Claim 3.6. If 5* is of type (VI), then ^sKx is birational. 

Proof. We keep the same notations as in the proof of Claim 3.5. The 
proof is almost the same except that we have here 7i*{Kx)\s ■ C > 2. 
Thus we can prove that \Ks + ^6n*{Kx)\s — m-^o"'*"'! Ic i^ birational 
by the same argument. This, in turn, proves the birationahty of ^sKx- 
We conclude the claim. □ 

Claims 3.1 through 3.6 imply Theorem 0.2. 

Lemma 3.7. Let S be a smooth projective surface of general type. Let 
a : S — > So be the contraction onto the minimal model. Suppose we 
have an effective irreducible curve C on S such that C < a*{2Kso) ^'^^ 
h%S,C) = 2. IfKl=pg(S) = l, thenC-a*iKso)>2. 

Proof. We can suppose \C\ is a free pencil. Otherwise, we can blow-up 
S at base points of \C\. Denote Ci := (t{C). Then /i°(S'o,Ci) > 2. 
Suppose C ■ a*{Kso) = 1. Then Ci ■ Kst^ = 1. Because Pa(C*i) > 2, we 
can see that Cf > 0. From Kso{Kso-Ci) = 0, we get {Kso-Cif < 0, 

1. e. Cf < 1. Thus Cf = 1 and Ks^ ~num Ci. This means Ks^ ~iin C*! 
by virtue of [3|, which is impossible because Pg{S) = 1. So C-a*{Kso) ^ 

2. □ 

Remark 3.8. Slightly modifying our method, one can even prove the 
following statements: 

Let X be a minimal projective 3-fold of general type with Q-factorial 
terminal singularities. Suppose Pg{X) > 2. Then 

(1) 07 is birational whenever Pg{X) ^ 2. 
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(2) 0g is birational whenever Pg{X) 7^ 2, 3. 

(3) ^5 is birational whenever Pg{X) ^ 2, 3, 4. 

We don't give the exphcit proof since we think that the calculation 
is more complicated. However it's not difficult for a reader to verify 
these statements once he understands our method. 
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